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We investigate the thermodynamic geometry in the Hawking-Page phase transition and the first-
order phase transition of the AdS black hole. The results show that the thermodynamic curvature
has similar behavior under the two different phase transitions. Specifically, the thermodynamic cur-
vature along the curves of the Hawking-Page phase transition and the first-order phase transition is
always the power function of the corresponding temperature with exponent related to the spacetime
dimensions, or is invariably proportional to the reciprocal of the corresponding entropy. The more
enlightening result is that the ratio of thermodynamic curvature along the curves of the two different
phase transitions tends to the natural constant in the limit that the number of spacetime dimensions
is infinite. The universal and novel result provides an essential difference between the Hawking-Page
phase transition and the first-order phase transition of the AdS black hole in the large dimension
paradigm.
I. INTRODUCTION
At present, thermodynamic geometry can be regarded
as an effective exploration of mathematical language de-
scription of thermodynamics theory. Weinhold [1] in-
troduced the first thermodynamic geometry, where the
internal energy is chosen to be the thermodynamic po-
tential. Unfortunately this geometry seems physically
meaningless in the context of purely equilibrium ther-
modynamics. Subsequently, based on the equilibrium
fluctuation theory, Ruppeiner [2] further developed the
geometric theory of thermodynamics, and put forward a
thermodynamic metric with the entropy as the thermo-
dynamic potential gµν = −∂2S/(∂Xµ∂Xν), where Xµ
represents some independent thermodynamic quantities.
The components of the inverse Ruppeiner metric gives
second moments of fluctuations.
It is because of the physical significance of the
thermodynamic metric in the fluctuation theory of
the equilibrium thermodynamics that the Ruppeiner
thermodynamic geometry has attracted much atten-
tion. One of the important quantities is thermody-
namic curvature. By analogy with geometric curvature,
one can naturally use the Christoffel symbols Γαβγ =
1
2g
µα (∂γgµβ + ∂βgµγ − ∂µgβγ) and the Riemannian cur-
vature tensor Rαβγδ = ∂δΓ
α
βγ−∂γΓαβδ+ΓµβγΓαµδ−ΓµβδΓαµγ
to obtain the thermodynamic (scalar) curvature R =
gµνRξµξν [2].
For ordinary fluid systems, a large number of studies
suggest that Ruppeiner thermodynamic curvature is re-
lated to the correlation length ξ of the thermodynamic
system via R ∼ κξd, where κ is a dimensionless con-
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stant, and d denotes the physical dimensionality of the
system [3]. This conclusion seems to be potentially indi-
cate that the Ruppeiner geometry can be exploited to
probe the microstructure of a thermodynamic system
from its macroscopic thermodynamic quantities (it can
be regarded as the inverse process of statistical physics).
For black hole system, due to the discovery of Hawk-
ing temperature and Beckenstein-Hawking entropy, it has
entered the field of thermodynamics [4, 5]. In particular,
the introduction of extended phase space, that is, the
negative cosmological constant is treated as thermody-
namic pressure [6, 7], makes some novel thermodynamic
behaviors of black holes gradually revealed. The most
famous one is the Hawking-Page phase transition, which
means that a stable large black hole can exchange energy
and establish the equilibrium with the thermal anti-de
Sitter (AdS) background [8]. Subsequently Witten [9] es-
tablished the holographic duality between the Hawking-
Page phase transition in AdS black hole and the confine-
ment/deconfinement phase transition in gauge theory. In
addition, the AdS black hole also has a very significant
characteristic that the black hole always experiences the
transition between unstable state and stable state, or the
first-order phase transition, which is determined by the
divergence of the heat capacity at constant pressure [10].
Moreover, a complete analogy between the van der
Waals fluid and the charged AdS black hole [11], black
hole as a holographic heat engine [12], and some other
interesting topics have been widely studied and dis-
cussed [13]. Naturally, the idea of thermodynamic ge-
ometry is also used in black hole system [14]. On the one
hand, it can be used to analyze some phase transition
behavior of black hole [15–17]. On the other hand, based
on the hypothesis of black hole molecular [18], it can also
be used to explore the possible microstructure of black
hole [19–25]. Furthermore, some attempts have also been
made to explore the counterpart of dual conformal field
theory in thermodynamic geometry [26, 27].
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2Because of the importance of phase transition in black
hole thermodynamics, our current interest is to inves-
tigate some universal characteristics of thermodynamic
curvature along the curve of the phase transition of the
AdS black hole. On the one hand, the significance of
the Hawking-Page phase transition is very clear both in
gravity and field theory, and the first-order phase tran-
sition can reflect the thermal stability of the black hole.
At the same time, the thermodynamics curvature is also
an important physical quantity in the theory of black
hole thermodynamics. Hence it is helpful to understand
the meaning of thermodynamics geometry in black hole
by studying the behavior of thermodynamic curvature
in the Hawking-Page phase transition and the first-order
phase transition. On the other hand, recent study [28]
pointed out that the normalized thermodynamic curva-
ture [29] is a universal constant at the Hawking-Page
transition point. However, it should be noted that com-
pared with thermodynamic curvature, the normalized
thermodynamic curvature seems to have some undesir-
able aspects. One is that the normalized thermodynamic
curvature is the product of zero heat capacity at constant
volume and thermodynamic curvature, which should no
longer possess some properties of the original thermo-
dynamic curvature; the other is that it seems that it is
difficult to make the normalized thermodynamic curva-
tures induced by different thermodynamic potentials be
equivalent to each other, while the thermodynamic cur-
vatures induced by different thermodynamic potentials
are equivalent to each other [30]. This is also the natural
result of the Legendre transformation between different
thermodynamic potentials.
Hence in this paper, we study the behavior of the ther-
modynamic curvature along the curves of the Hawking-
Page phase transition and the first-order phase transi-
tion of n-dimensional (n ≥ 4) spherically symmetric-AdS
black hole. The general form of thermodynamic curva-
ture of this black hole with the help of the first law of
thermodynamics dM = TdS + V dP is [31]
R =
∂
∂S
[
ln
(
T/
∂T
∂P
)]
. (1)
The results show that the thermodynamic curvature
along the Hawking-Page phase transition curve is the
power function of the Hawking-Page temperature with
exponent (n − 2). The same conclusion is obtained for
the first-order phase transition. At the same time, we
also find that the ratio of the thermodynamic curvature
along the curves of the Hawking-Page phase transition
and the first-order phase transition is a constant only re-
lated to dimension n. An universal and novel result is
that the ratio tends to the natural constant e when we
consider the large dimension limit. It provides an essen-
tial difference between the Hawking-Page phase transi-
tion and the first-order phase transition of the AdS black
hole in the large dimension paradigm. Meanwhile this
result also reflects some unique characteristics of ther-
modynamic curvature in black hole physics. It is of great
significance for us to further understand thermodynamics
geometry in gravitational theory and dual field theory.
II. THERMODYNAMIC CURVATURE
Now we consider the n-dimensional Schwarzschild-
Tangherlini anti-de Sitter (n-STAdS) black hole. The
metric is [32, 33]
ds2 = −f(r)dt2 + dr
2
f(r)
+ r2dΩ2n−2, (2)
and the function f(r) is
f(r) = 1− 16piM
(n− 2)ωrn−3 +
r2
l2
,
where dΩ2n−2 is the square of line element on an (n− 2)-
dimensional unit sphere, l represents the curvature ra-
dius of the AdS spacetime, and M is the ADM mass
of the black hole. In addition, the parameter ω de-
notes the area of an (n − 1)-dimensional unit sphere
and its value is related to the gamma function Γ(x) via
ω = 2pi
n−1
2 /Γ
(
n−1
2
)
.
Naturally some importantly thermodynamic quantities
of the n-STAdS black hole can be obtained in terms of
the horizon radius rh which is the largest root of equation
f(r) = 0. The Hawking temperature and entropy of the
black hole are [33]
T =
n− 3
4pirh
+
(n− 1)rh
4pil2
, S =
ωrn−2h
4
. (3)
The thermodynamic pressure and thermodynamic vol-
ume take the form [33]
P =
(n− 2)(n− 1)
16pil2
, V =
ωrn−1h
n− 1 . (4)
Due to the appearance of the above thermodynamic pres-
sure and volume terms, the mass M of the black hole
corresponds to the enthalpy in thermodynamics instead
of the internal energy, i.e., H = M . Furthermore, the
more important physical quantity for analyzing the ther-
modynamic phase transition of black holes is free energy.
Specifically, for AdS black holes, it is Gibbs free energy,
which is the Legendre transformation of the enthalpy [33],
G ≡ H − TS = ω
16pi
(
rn−3h −
rn−1h
l2
)
. (5)
By inserting Eqs. (3) and (4) into (1), we can obtain
the thermodynamic curvature of n-STAdS black hole
R = − 8(n− 3)l
2r2−nh
(n− 2)ω[(n− 3)l2 + (n− 1)r2h]
. (6)
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FIG. 1: The specific schematic diagram of the Hawking-Page
phase transition for 4-dimensional Schwarzschild anti-de Sit-
ter black hole.
Because the thermal AdS background or the AdS black
hole with the global minimum of Gibbs free energy is
thermodynamically preferred respectively. A stable large
black hole can exchange energy and establish the equi-
librium with the thermal AdS background in the pro-
cess of Hawking radiation from black holes, where the
Gibbs free energy of the thermal AdS background is zero.
The specific schematic diagram is shown in Fig 1. Hence
the Hawking-Page phase transition satisfies the condition
G = 0, which means that r2h = l
2. In terms of Eqs. (3)
and (4), we finally obtain the entropy of the Hawking-
Page phase transition
SHP = 4
1−n(n2 − 3n+ 2)n/2−1pi1−n/2ωP 1−n/2. (7)
Correspondingly, the Hawking-Page temperature is
THP =
√
4(n− 2)P
pi(n− 1) . (8)
In particular,, as P has no terminal point in Eqs. (7)
and (8), the Hawking-Page phase transition can happen
at all pressures.
Meanwhile, we also obtain the thermodynamic cur-
vature of n-STAdS black hole along the Hawking-Page
curve
RHP = − n− 3
(n− 2)2SHP = −
(n− 3)2npin−2
ω(n− 2)n T
n−2
HP , (9)
stating that the thermodynamic curvature along the
curve of the Hawking-Page phase transition is propor-
tional to the reciprocal of the Hawking-Page phase tran-
sition entropy, or is the power function of the Hawking-
Page temperature with exponent (n− 2).
Next we turn to another interesting property of the
AdS black hole. There is a minimum in the temperature
curve, which satisfies the equation ∂T/∂rh = 0. At this
minimum, the heat capacity at constant pressure CP =
(T∂S/∂T )P of the black hole is divergent, which means
that the black hole will experience the transition between
the unstable phase and the stable phase, i,e., the first-
order phase transition. Hence for n-STAdS black hole, we
can directly have the condition for the first-order phase
transition (n − 1)r2h = (n − 3)l2. In terms of Eqs. (3)
and (4), we finally obtain the entropy of the first-order
phase transition,
STmin = 4
1−n(n2 − 5n+ 6)n/2−1pi1−n/2ωP 1−n/2. (10)
Note that the black hole is stable for S > STmin , and is
unstable for S < STmin . Correspondingly, the first-order
phase transition temperature or the minimum tempera-
ture is
Tmin =
√
4(n− 3)P
pi(n− 2) . (11)
As P has no terminal point in Eqs. (10) and (11), the
first-order phase transition always exists at all pressures.
Moreover a very novel result is that THP(n) = Tmin(n+1),
i.e., the n-dimensional Hawking-Page temperature ex-
actly equals to the black hole minimum temperature in
one larger dimension, has been reported in Ref. [28]
In addition, we also obtain the thermodynamic curva-
ture of n-STAdS black hole along the curve of the first-
order phase transition
RTmin = −
1
(n− 2)STmin
= − 2
npin−2
ω(n− 2)(n− 3)n−2T
n−2
min .(12)
It is also proportional to the reciprocal of the black hole
entropy of the first-order phase transition, or is the power
function of the black hole minimum temperature with
exponent (n− 2).
Interestingly, looking at Eqs. (9) and (12), we find that
the thermodynamic curvature has similar behavior under
the Hawking-Page phase transition and the first-order
phase transition, which allows us to get a novel result
RTmin
RHP
=
n− 3
n− 2
(
n− 3
n− 1
)n/2−1
, (13)
namely that the ratio is a universal constant, indepen-
dent of all thermodynamic parameters except the dimen-
sion. What’s even more surprising is that if we take the
large dimension limit, we have
lim
n→∞
RTmin
RHP
= e. (14)
Because the Hawking-Page phase transition and the first-
order phase transition are very important properties of
the AdS black hole. The ratio of thermodynamic curva-
ture along the curves of the Hawking-Page phase tran-
sition and the first-order phase transition tends to the
4natural constant e at n → ∞. This unique constant
connects two different phase transitions at the level of
the thermodynamic geometry, which may reflect some
universal characteristics of thermodynamic curvature in
black hole physics.
III. DISCUSSION
We have shown that the thermodynamic curvature
along the curves of the Hawking-Page phase transition
and the first-order phase transition is always the power
function of the corresponding temperature with exponent
(n − 2), or equivalently, the thermodynamic curvature
along the curves of two phase transitions is proportional
to the reciprocal of the corresponding entropy respec-
tively. The similar phenomenon about the thermody-
namic curvature also appears in the case that some ther-
modynamic variables take the limit value. For example,
the thermodynamic curvature of charged black hole have
a remanent of the reciprocal of entropy when the charge
is zero [34], and the thermodynamic curvature of the ex-
treme black hole of the super-entropic black hole has a
remnant approximately proportional to the reciprocal of
entropy of the black hole [35].
Furthermore, a recent and intriguing development in
understanding gravity has been the resurrection of the
large dimension paradigm, in which general relativity
simplifies dramatically and its dynamics becoming trivial
at all non-zero length scales away from the horizons of
black holes [36]. In the large dimension paradigm, a large
body of works discuss various aspects of black holes, and
the poignant observation, any curvature is strongly local-
ized near the horizon, and the spacetime quickly becomes
flat outside of it, has been reported [37, 38]. Ostensibly,
one would go about this by computing all quantities as
expansions of reciprocal dimension, then reading off the
answer. In this work, we address the question of how the
thermodynamic curvature of the AdS black hole behaves
in this manner.
In the limit that the number of spacetime dimen-
sions n is infinite, for the Hawking-Page phase transi-
tion and the first-order phase transition, the behaviors
of their corresponding temperature tend to be consistent,
lim
n→∞Tmin/THP = 1, that is to say, there is no difference
between the Hawking-Page phase transition and the first-
order phase transition. While for the ratio of thermody-
namic curvature along the curves of the Hawking-Page
phase transition and the first-order phase transition, it
becomes the natural constant e at n→∞. This novel re-
sult reflects an essential difference between the Hawking-
Page phase transition and the first-order phase transi-
tion of the AdS black hole. It also provides an universal
and novel relationship between the Hawking-Page phase
transition and the first-order phase transition of the AdS
black hole in the large dimension paradigm.
Our current treatment can also be extended to charged
black holes, where we need to pay attention to the cri-
terion of the Hawking-Page phase transition when the
black hole is charged. According to the idea of this pa-
per, some universal relations of thermodynamic curva-
ture of charged black hole in the Hawking-Page phase
transition, first-order phase transition and second-order
phase transition need to be discussed in the future.
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